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The spin and layer (pseudospin) degrees of freedom are entangled coherently in the canted antiferromagnetic 
phase of the bilayer quantum Hall system at the filling factor v = 2. There emerges a complex Goldstone 
mode describing such a combined degree of freedom. In the zero tunneling-interaction limit (Asas — > 0), 
its phase field provokes a Josephson supercurrent carrying both spin and charge within each layer. The Hall 
resistance is predicted to become anomalous precisely as in the v = 1 bilayer system in the counterflow and 
drag experiments. Furthermore, it is shown that the total current flowing the bilayer system is a Josephson 
supercurrent carrying pure spins in the counterflow geometry. It is intriguing that all these phenomena occur 
only in imbalanced bilayer systems. 



PACS numbers: 73.43.-f, 11.30.Qc J3.43.Qt, 64.70.Tg 

Physics of the bilayer quantum Hall (QH) system is enor- 
mously rich owing to the intralayer and interlayer phase co- 
herence controlled by the interplay between the spin and the 
layer (pseudospin) degrees of freedomQl H. At the filling 
factor v = 1 there arises a unique phase, the spin-ferromagnet 
and pseudospin-ferromagnet phase, which has well been stud- 
ied both theoretically and experimentally. One of the most in- 
triguing phenomena is the Josephson tunneling between the 
two layers predicted in Refs.yl UJ|, whose first experimental 
indication was obtained in Ref.yfl. Other examples are the 
anomalous behavior of the Hall resistance reported in counter- 
flow experiments |0 0] and in drag experiments!^]. They are 
triggered by the Josephson supercurrent within each laver fllOll . 
Quite recently, careful experiments [9] were performed to ex- 
plore the condition for the tunneling current to be dissipa- 
tionless. These phenomena are played by the pseudospins at 
v = 1, where the Goldstone mode describes a pseudospin 
wave. 

On the other hand, at v = 2 the bilayer QH sys- 
tem has three phases, the spin-ferromagnet and pseudospin- 
singlet phase, the spin-singlet and pseudospin ferromagnet 
phase, and a canted antiferromagnetic phase iflTUTill (abridged 
as the CAF phase), depending on the relative strength be- 
tween the Zeenman energy Az and the interlayer tunnel- 
ing energy Asas- The pattern of the symmetry breaking is 
SU(4)->U(l)®SU(2)<g)SU(2), associated with which there ap- 
pear four complex Goldstone modes ! 1 511 . We have recently 
analyzed the full details of these Goldstone modes in each 
phase 111 611 . The CAF phase is most interesting, where one 
of the Goldstone modes become gapless and has a linear 
dispersion relation lll6ll as the tunneling interaction vanishes 
(Asas — > 0). It is an urgent and intriguing problem what kind 
of phase coherence this Goldstone mode develops. 

In this Letter, we show that it is the entangled spin- 
pseudospin phase coherence, and we explore associated 
phase coherent phenomena. We employ the Grassmannian 
formalism! 15], where the basic field is the Grassmannian field 
consisting of two complex-projective (CP 3 ) fields. The CP 3 
field emerges when composite bosons undergo Bose-Einstein 



condensation! 1]. The formalism provides us with a clear 
physical picture of the spin-pseudospin phase coherence in the 
CAF phase. Furthermore, it enables us to analyze nonpertur- 
bative phase coherent phenomena, where the phase field i?(x) 
is essentially classical and may become very large. We show 
that the Josephson supercurrent flows within the layer when 
there is inhomogeneity in i?(x). This is precisely the same 
as in the v = 1 bilayer QH system. Indeed, the supercurrent 
leads to the same formula! 10] of the anomalous Hall resis- 
tivity for the counterflow and drag geometries as the one at 
v =1. What is remarkable is that the total current flowing the 
bilayer system is a Josephson supercurrent carrying pure spins 
in the counterflow geometry. We also remark that the super- 
current flows both in the balanced and imbalanced systems at 
v = 1 but only in imbalanced systems at v = 2. 

In the bilayer system an electron has two types of indices, 
the spin index (f, |) and the layer index (f, b). They can be 
incorporated into 4 types of isospin index a = f|\f|,bt,b|. 
The electron field ip a (x) has four components, and the bilayer 
system possesses the underlying algebra SU(4) with the sub- 
algebra SU S pi n (2)®SUppj n (2). We denote the three generators 

of the SU sp in(2) by Ta pm , and those of SU pp i n (2) by Ta pm . There 
are remaining nine generators Ta pm T ppm , which are the gener- 
ators of the R-spin operators. Their explicit forms is given in 
Apendix D in Ref.lQI]. 

All the physical operators required for the description 
of the system are constructed as the bilinear combina- 
tions of tp(x) and ip'{x). They are 16 density operators 
p(x) = i>Hx)iP(x), S a (x) = ^(x)rfyj(x), P a (x) = 

^(x)Tr^(x), and R ab (x) = \^ {x^t^^x), 
where S a describes the total spin, 2P Z measures the electron- 
density difference between the two layers. The operator R a f, 
transforms as a spin under SU sp i n (2) and as a pseudospin un- 
der SU pp in(2). It is that plays the key role in the entangled 
spin-pseudospin phase coherence in the CAF phase. 

The kinetic Hamiltonian is quenched, since the kinetic en- 
ergy is common to all states in the lowest Landau level (LLL). 
The Coulomb Hamiltonian is decomposed into the SU(4)- 
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invariant term Hq and the SU(4)-noninvariantterm H c . The 
additional potential terms are the Zeeman, tunneling, and 
bias terms, H ZpZ = - J d 2 x(A z S z + A SAS P X + eV bias P z ), 
where Vb; as is the bias voltage which controls the density im- 
balance between the two layers. The total Hamiltonian is 
H = Hq + H c + H ZpZ . 

We project the density operators to the LLL. What are ob- 
served experimentally are the classical densities, which are 
expectation values such as p cl (x) — (&\p(x)\&), where 6) 
represents a generic state in the LLL. We may set p cX {x) = po, 
S«(x) = p$S a (x), P«{x) = p*V a {x), and R*(x) = 
p®R, a b(x) for the study of Goldstone modes. Taking the non- 
trivial lowest order terms in the derivative expansion, we ob- 
tain the SU(4) effective Hamiltonian density] 17] 



+ 2J~ (j2(dkS a ) 2 + (d k P z ) 2 + (d k TZ az ) 

+ P4>[^ P (V Z ) 2 - 2e x (]T(S Q ) 2 + (1l az Y 
- (A Z S Z + A SAS V X + A b - as P z )] , (1) 

where p$ = p^jv is the density of states, Jj" = i {j s — jf) 
with J s and the intralayer and interlay er stiffness, e cap the 
capacitance energy, the exchange Coulomb energy due 
to H^_: Their explicit formulas are given in Appendix A in 
Ref.|Q]]. This effective Hamiltonian is valid at v = 1, 2, 3. 

The ground state is obtained by minimizing the effective 
Hamiltonian dTJ for homogeneous configurations of the clas- 
sical densities. The order parameters are the classical densities 
for the ground state. They are explicitly given in Ref . H 1 811 for 
the v = 2 system. In the limit Asas — > 0, they read 



S° z = l-\a \, T° z =<t , K° xx = sgmVo)^: 
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and all others being zero. Here, <jq = (p f — Po)/(/°o + Po) i s 
the imbalance parameter with j o Q (b) being the electron density 
in the front (back) layer. Both the spin and the pseudospin are 
polarized into the z-axis in this limit. 

We have analyzed the excitations around the classical 
ground state lfl6Tl . There emerge four complex Goldstone 
modes associated with the spontaneous symmetry breaking 
SU(4)->U(l)®SU(2)<g)SU(2). When = and A z = 
Asas = Ab; as = 0, the SU(4) symmetry is exact and all of 
them are gapless, but they get gapped by these interactions. 
We are interested in the limit Asas — ► since we expect the 
enhancement of the interlay er phase coherence just as in the 
v = 1 system. We have already shown that there exists one 
gapless Goldstone mode with a linear dispersion relation in a 
perturbation theory lfl6Tl . 

In this Letter we employ the Grassmannian formalism lfl5ll 
to make the physical picture of this Goldstone mode clearer 
and to construct a theory which is valid nonperturbatively. The 
Grassmannian field Z(x) consists of two CP 3 fields ni(x) 
and n2 (x) at v = 2, since there are two electrons per one Lan- 
dau site. Due to the Pauli exclusion principle they should be 



orthogonal one to another. Hence, we require n\ (x) rij (x) — 
Sij with i — 1,2. Using a set of two CP 3 fields subject to this 
normalization condition we introduce a 4 x 2 matrix field, 
the Grassmannian field given by Z(x) — (711,712) obeying 
Z^Z = 1. 

The dimensionless SU(4) isospin densities are given by 



S a (x) = ^Tr [Z^rz] =~J2 n\rrn h 
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v a (x) = It- [z^r a z] = \Y,nirr a 
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where n, consists of the basis rii(x) = (n f ^, n f ^, n b ^, n b ^)*. 
It is a straightforward task to carry out the perturbative analy- 
sis of the effective Hamiltonian ([TJ in terms of the Grassman- 
nian field. We obtain the same results as given in Ref.| 16]. 

We concentrate solely on the gapless mode in the limit 
Asas — > 0. We parametrize the CP 3 fields as 



n 2 
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e-^W/yi - <r(x) 
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for cr(x) > 0, and 



n 2 



f e +M ^/ 2 ^/l + a(x) \ 






(5) 



for <j(x) < 0. The isospin density fields are expressed in 
terms of <r(x) and $(x), 

S z {x) = 1 - \(j(x)\, V z (x)=a(x), 

Tlyy(x) = sga(a )TZ xx (x) = -^/\a(x)\(l - \a(x)\) cos'd(x), 



K yx (x) = -sgn(a Q )TZ xy (x) = -y/\a(x)\(l - \cr(x)\) sind(x), 

(6) 

with all others being zero. The ground-state expectation val- 
ues are (<r(x)) = uo, (${x)) = 0, with which the order pa- 
rameters (O are reproduced from ©. It is notable that the 
fluctuations of the phase field ^(x) affect both spin and pseu- 
dospin components of the i?-spin. This is very different from 
the spin wave in the monolayer QH system or the pseudospin 
wave in the bilayer QH system at v = 1. Hence we call it the 
entangled spin-pseudospin phase field -d(x). 

By substituting © into Q), apart from irrelevant constant 
terms the resulting effective Hamiltonian is 



H 



eff 



Ja 



(Va) 2 +p $ <=V-^o) 2 , (7) 
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FIG. 1: (Color oneline) Schematic illustration of the spin supercur- 
rent flowing along the 2>axis in the counterflow geometry, (a) All 
spins are polarized into the positive z axis due to the Zeeman effect 
at (Jo = 0. No spin current flows, (b) All electrons belong to the 
front layer at oq = 1. No spin current flows, (c) In the CAF phase 
for (To > 0, some up-spin electrons are moved from the back layer 
to the front layer by flipping spins. There appears a Goldstone mode 
associated with this charge-spin transfer. The interlayer phase differ- 
ence #(a;) is created by feeding a charge current J m to the front layer, 
which also drives the spin current. Electrons flow in each layer as in- 
dicated by the dotted horizontal arrows, and the spin current flows 
as indicated by the solid horizontal arrow, (d) In the CAF phase for 
(Jo < 0, similar phenomena occur but the direction of the spin cur- 
rent becomes opposite. 



where J a = AJ S 



(2ko|-l) 2 
|cr 1 (1 — |trtj|) " s 



Jf, J„ = 4J> |(l-|o-o|), 



4(e D — e x ) is the capacitance parameter at v = 1. 



and e"- 1 

When we require the equal-time commutation relation, 

Po 



[er(jc),0(j/)] = iS(x - y), 



(8) 



the Hamiltonian (0 is second quantized, and it has the linear 
dispersion relation, 



Eu 




(9) 



This agrees with Eq.(136) of Ref. llql . It should be empha- 
sized that the effective Hamiltonian (|7]i is valid in all orders 
of the phase field d(x). It may be regarded as a classical 
Hamiltonian as well, where dHJ should be replaced with the 
corresponding Poisson bracket. 

The effective Hamiltonian (jTJ for i}(x) and a(x) reminds 
us of the one that governs the Josephson effect at v = 1. 
The main difference is the absence of the tunneling term, 
as implies that there exists no Josephson tunneling. We can 
show that the effective Hamiltonian is correct up to C(A| AS ) 
as Asas 0. Nevertheless, the Josephson supercurrent is 
present within the layer, which is our main issue. 

By using the Hamiltonian (jTj and the commutation relation 
©, we obtain the equations of motion, 

2 / 

m-&{x) = -^V 2 a{x) - 2e»= v 1 Wx) - <r ), (10) 
Po 



hdta(x) = -^±V 2 d{x). 
Po 



(11) 



We now study the electric Josephson supercurrent carried by 
the gapless mode i}(x). The electron densities are p!^ — 
—epo (1 ± V z ) /2 = — ep (1 ± a(x)) /2 on each layer. Tak- 
ing the time derivative and using (fTTT i we find 



d t p\ = -d t p\ 



V 2 d{x). 



(12) 



The time derivative of the charge is associated with the cur- 
rent via the continuity equation, dtp^ = diJ^. We thus 



identify J^ b) = ± t 7 a l os (£c)+constant, where 



(13) 



Consequently, the current Jl° s (x) flows when there exists in- 
homogeneity in the phase d(x). Such a current is precisely 
the Josephson supercurrent. Indeed, it is a supercurrent be- 
cause the coherent mode exhibits a linear dispersion relation. 
It is intriguing that the current does not flow in the balanced 
system since J$ = at do = 0. 

Let us inject the current J m into the x direction of the bi- 
layer sample, and assume the system to be homogeneous in 
the y direction (FigQ]). It creates the electric field £^ (b) so that 
the Hall current flows into the x-direction. A bilayer system 
consists of the two layers and the volume between them. The 
Coulomb energy in the volume is minimizedl 10] by the condi- 
tion El = Ey. We thus impose E y = E h y = E y . The current 
is the sum of the Hall current and the Josephson current, 



RkPo 



nr. 



Rk Po 



(14) 



with i?K = 2Trh/e 2 the von Klitzing constant. We obtain the 
standard Hall resistance when Jl° s = 0. Namely, the emer- 
gence of the Josephson supercurrent is detected if the Hall 
resistance becomes anomalous. 

We apply these formulas to analyze the counterflow and 
drag experiments since they occur without tunneling. In the 
counterflow experiment, the current J m is injected to the front 
layer and extracted from the back layer at the same edge. 
Since there is no tunneling we have = —j\ = —J m . 
Hence, it follows from ( fT4l that E y = 0, or 



r E\. 



<-5 = 0- 



(15) 



All the input current is carried by the Josephson supercurrent, 
Jx° s — Jm- It generates such an inhomogeneous phase field 
that d(x) — (h/eJ$)JmX. 

On the other hand, in the drag experiment, since the in- 
terlayer coherent tunneling is absent, no current flows on the 
back layer, or = 0. Hence, it follows from ( fT4l that 
Ji„ = J* = (v/R K )E y , or 



■nj 



V 



at v 



(16) 



A part of the input current is carried by the Josephson super- 
current, j£ os = 1(1 - ao)Jin. 
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Note that the standard Hall resistance is given by R l xy = 
§i?K = Rk at v = 2. In conclusion, we predict the anomalous 
Hall resistance (15[ and (fTot in the CAP phase at v = 2 by 
carrying out similar experiments||6|48|] due to Kellogg et al. 
and Tutuc et al. in imbalanced configuration (<ro ^ 0). 

An intriguing feature of the CAF phase is that the phase 
field §{x) describes the entangled spin-pseudospin coherence 
according to the basic formula (0. The spin density in each 
layer is defined by pa m {x) = Saip^ipa, where s a — \fi for 
a = f |, b t and s a = — \h for a — f I, b |. We note the 
relation 



The spin current ^^'"(a:) flows along the x-axis, when there 
exists an inhomogeneous phase difference i3(x). 

In the counterflow experiment, the total charge current 
along the x-axis is zero, J^{x) + 3^{x) = 0. Consequently, 
the input current generates a pure spin current along the x- 

axis, 
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sgn(cr )-Jin. (22) 

e 



/ Pff( x ) 
PU.( X ) 




( Pa 
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2P z (x) 
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(17) 

Here, up to O((o- — <tq) 2 ), we have S z = 1 — |cr(a;) |, and we 
obtain 



d tPb™ = dtPf± D = -^I 1 + s g n ( cr o)]a^(a;), 
9 t p?f = d tP ^ = -^[1 - S gn(a )]d 2 J(x). 



(18) 



(19) 



The time derivative of the spin is associated with the spin cur- 
rent via the continuity equation, dtPa m {x) = d x Ja ln {x) for 
each a. We thus identify 



J$\x) = J^\x) = ^d x #(x), for a > 0, 



(20) 



J^{x) = Jlf a {x)=-^d x d{x), fora <0. (21) 



This current is dissipationless since the dispersion relation is 
linear. It is appropriate to call it a spin Josephson supercur- 
rent. It is intriguing that the spin current flows in the opposite 
directions for <tq > and oq < 0, as illustrated in FigQ] A 
comment is in order: The spin current only flows within the 
sample, since spins are scattered in the resistor R and spin 
directions become random outside the sample. 

We have explored the entangled spin-pseudospin phase co- 
herence in the CAF phase, governed by the Goldstone mode 
d(x) describing the i?-spin according to the formula ©. We 
have predicted anomalous Hall resistivity in the counterflow 
and drag experiments in the imbalanced regime (<to ^ 0) at 
v = 2. In particular, there flows a spin Josephson supercur- 
rent in the counterflow geometry. 
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